Design via Root Locus

( Chapter Learning Outcomes )
After completing this chapter the sﬁQ@Ql%e JE))IQE Enhancer

Use the root locus to design cascade compensators to improve the steady-state error
(Sections 9.1-9.2)

Use the root locus to design cascade compensators to improve the transient
response (Section 9.3)

Use the root locus to design cascade compensators to improve both the steady-state
error and the transient response (Section 9.4)

Use the root locus to design feedback compensators to improve the transient
response (Section 9.5)

Realize the designed compensators physically (Section 9.6)

@ case study Learning Outcomes )

You will be able to demonstrate your knowledge of the chapter objectives with case
studies as follows:

Given the antenna azimuth position control system shown on the front endpapers,
you will be able to design a cascade compensator to meet transient response and
steady-state error specifications.

Given the pitch or heading control system for the UFSS vehicle shown on the back
endpapers, you will be able to design a cascade or feedback compensator to meet
transient response specifications.
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456 Chapter 9 Design via Root Locus

@ 9.1 Introduction

In Chapter 8, we saw that the root locus graphically displayed both transient response
and stability information. The locus can be sketched quickly to get a general idea of the
changes in transient response generated by changes in gain. Specific points on the
locus also can be found accurately to give quantitative design information.

The root locus typically allows us to choose the proper loop gain to meet a
transient response specification. As the gain is varied, we move through different
regions of response. Setting the gain at a particular value yields the transient
response dictated by the poles at that point on the root locus. Thus, we are limited
to those responses that exist along the root locus.

Improving Transient Response

Flexibility in the design of a desired transient response can be increased if we can
design for transient responses that are not on the root locus. Figure 9.1(a) illustrates
the concept. Assume that the desired transient response, defined by percent over-
shoot and settling time, is represented by point B. Unfortunately, on the current root
locus at the specified percent overshoot, we only can obtain the settling time
represented by point A after a simple gain adjustment. Thus, our goal is to speed
up the response at A to that of B, without affecting the percent overshoot. This
increase in speed cannot be accomplished by a simple gain adjustment, since point B
does not lie on the root locus. Figure 9.1(d) illustrates the improvement in the
transient response we seek: The faster response has the same percent overshoot as
the slower response.
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9.1 Introduction

One way to solve our problem is to replace the existing system with a system
whose root locus intersects the desired design point, B. Unfortunately, this replace-
ment is expensive and counterproductive. Most systems are chosen for character-
istics other than transient response. For example, an elevator cage and motor are
chosen for speed and power. Components chosen for their transient response may
not necessarily meet, for example, power requirements.

Rather than change the existing system, we augment, or compensate, the
system with additional poles and zeros, so that the compensated system has a root
locus that goes through the desired pole location for some value of gain. One of the
advantages of compensating a system in this way is that additional poles and zeros
can be added at the low-power end of the system before the plant. Addition of
compensating poles and zeros need not interfere with the power output require-
ments of the system or present additional load or design problems. The compensat-
ing poles and zeros can be generated with a passive or an active network.

A possible disadvantage of compensating a system with additional open-loop
poles and zeros is that the system order can increase, with a subsequent effect on the
desired response. In Chapters 4 and 8, we discussed the effect of additional closed-
loop poles and zeros on the transient response. At the beginning of the design
process discussed in this chapter, we determine the proper location of additional
open-loop poles and zeros to yield the desired second-order closed-loop poles.
However, we do not know the location of the higher-order closed-loop poles until the
end of the design. Thus, we should evaluate the transient response through simula-
tion after the design is complete to be sure the requirements have been met.

In Chapter 12, when we discuss state-space design, the disadvantage of finding
the location of higher-order closed-loop poles after the design will be eliminated by
techniques that allow the designer tApeag@d dfﬁ@ﬁe lEzﬂ(h g Fil(l;he:tosed—
loop poles at the beginning of the d&sign process.

One method of compensating for transient response that will be discussed later
is to insert a differentiator in the forward path in parallel with the gain. We can
visualize the operation of the differentiator with the following example. Assuming a
position control with a step input, we note that the error undergoes an initial large
change. Differentiating this rapid change yields a large signal that drives the plant.
The output from the differentiator is much larger than the output from the pure gain.
This large, initial input to the plant produces a faster response. As the error
approaches its final value, its derivative approaches zero, and the output from
the differentiator becomes negligible compared to the output from the gain.

Improving Steady-State Error

Compensators are not only used to improve the transient response of a system; they
are also used independently to improve the steady-state error characteristics.
Previously, when the system gain was adjusted to meet the transient response
specification, steady-state error performance deteriorated, since both the transient
response and the static error constant were related to the gain. The higher the gain,
the smaller the steady-state error, but the larger the percent overshoot. On the other
hand, reducing gain to reduce overshoot increased the steady-state error. If we use
dynamic compensators, compensating networks can be designed that will allow us to
meet transient and steady-state error specifications simultaneously." We no longer

!The word dynamic describes compensators with noninstantaneous transient response. The transfer
functions of such compensators are functions of the Laplace variable, s, rather than pure gain.

457



458

Chapter 9 Design via Root Locus

Cascade Original
compensator controller Plant

R(s) CGs)
- G F— 60 | 6o Y

(@)

Original
controller Plant

R(s) + C(s)
G(s) Gy(s)

Feedback
compensator

FIGURE 9.2 Compensation Hi(s) |
techniques: a. cascade;
b. feedback (]

need to compromise between transient response and steady-state error, as long as
the system operates in its linear range.

In Chapter 7, we learned that steady-state error can be improved by adding an
open-loop pole at the origin in the forward path, thus increasing the system type and
driving the associated steady-state error to zero. This additional pole at the origin
requires an integrator for its realization.

AF y, RDFangen [Rpgereiginproved with the addition of differ-
entiation, aixd steady-state error is improved with the addition of integration in the
forward path.

Configurations

Two configurations of compensation are covered in this chapter: cascade compen-
sation and feedback compensation. These methods are modeled in Figure 9.2. With
cascade compensation, the compensating network, G1(s), is placed at the low-power
end of the forward path in cascade with the plant. If feedback compensation is used,
the compensator, Hi(s), is placed in the feedback path. Both methods change the
open-loop poles and zeros, thereby creating a new root locus that goes through the
desired closed-loop pole location.

Compensators

Compensators that use pure integration for improving steady-state error or pure
differentiation for improving transient response are defined as ideal compensators.
Ideal compensators must be implemented with active networks, which, in the case of
electric networks, require the use of active amplifiers and possible additional power
sources. An advantage of ideal integral compensators is that steady-state error is
reduced to zero. Electromechanical ideal compensators, such as tachometers, are
often used to improve transient response, since they can be conveniently interfaced
with the plant.

Other design techniques that preclude the use of active devices for compen-
sation can be adopted. These compensators, which can be implemented with passive
elements such as resistors and capacitors, do not use pure integration and differen-
tiation and are not ideal compensators. Advantages of passive networks are that they



9.2 Improving Steady-State Error via Cascade Compensation

are less expensive and do not require additional power sources for their operation.
Their disadvantage is that the steady-state error is not driven to zero in cases where
ideal compensators yield zero error.

Thus, the choice between an active or a passive compensator revolves around
cost, weight, desired performance, transfer function, and the interface between the
compensator and other hardware. In Sections 9.2, 9.3, and 9.4, we first discuss
cascade compensator design using ideal compensation and follow with cascade
compensation using compensators that are not implemented with pure integration
and differentiation.

9.2 Improving Steady-State Error
via Cascade Compensation

In this section, we discuss two ways to improve the steady-state error of a feedback
control system using cascade compensation. One objective of this design is to
improve the steady-state error without appreciably affecting the transient response.

The first technique is ideal integral compensation, which uses a pure integrator
to place an open-loop, forward-path pole at the origin, thus increasing the system
type and reducing the error to zero. The second technique does not use pure
integration. This compensation technique places the pole near the origin, and
although it does not drive the steady-state error to zero, it does yield a measurable
reduction in steady-state error.

While the first technique reduces the steady-state error to zero, the compen-
sator must be implemented with Ap%gt@orkpfl)ﬁ as Hlap'&l cond
technique, although it does not redute th&’error to zero, does have the advantage
that it can be implemented with a less expensive passive network that does not
require additional power sources.

The names associated with the compensators come either from the method of
implementing the compensator or from the compensator’s characteristics. Systems
that feed the error forward to the plant are called proportional control systems.
Systems that feed the integral of the error to the plant are called integral control
systems. Finally, systems that feed the derivative of the error to the plant are called
derivative control systems. Thus, in this section we call the ideal integral compensator
a proportional-plus-integral (PI) controller, since the implementation, as we will see,
consists of feeding the error (proportional) plus the integral of the error forward to
the plant. The second technique uses what we call a lag compensator. The name of
this compensator comes from its frequency response characteristics, which will be
discussed in Chapter 11. Thus, we use the name PI controller interchangeably with
ideal integral compensator, and we use the name lag compensator when the cascade
compensator does not employ pure integration.

Ideal Integral Compensation (PI)
Steady-state error can be improved by placing an open-loop pole at the origin,
because this increases the system type by one. For example, a Type 0 system
responding to a step input with a finite error responds with zero error if the system
type is increased by one. Active circuits can be used to place poles at the origin. Later
in this chapter, we show how to build an integrator with active electronic circuits.
To see how to improve the steady-state error without affecting the transient
response, look at Figure 9.3(a). Here we have a system operating with a desirable
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transient response generated by the closed-loop poles at A. If we add a pole at the
origin to increase the system type, the angular contribution of the open-loop poles at
point A is no longer 180°, and the root locus no longer goes through point A, as
shown in Figure 9.3(b).

To solve the problem, we also add a zero close to the pole at the origin, as shown
in Figure 9.3(c). Now the angular contribution of the compensator zero and compen-
sator pole cancel out, point A is still on the root locus, and the system type has been
increased. Furthermore, the required gain at the dominant pole is about the same as
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before compensation, since the ratio of lengths from the compensator pole and the
compensator zero is approximately unity. Thus, we have improved the steady-state
error without appreciably affecting the transient response. A compensator with a pole
at the origin and a zero close to the pole is called an ideal integral compensator.

In the example that follows, we demonstrate the effect of ideal integral compen-
sation. An open-loop pole will be placed at the origin to increase the system type and
drive the steady-state error to zero. An open-loop zero will be placed very close to the
open-loop pole at the origin so that the original closed-loop poles on the original root
locus still remain at approximately the same points on the compensated root locus.

G example 9.1 D

Effect of an Ideal Integral Compensator

PROBLEM: Given the system of Figure 9.4(a), operating with a damping ratio of
0.174, show that the addition of the ideal integral compensator shown in Figure 9.4(b)
reduces the steady-state error to zero for a step input without appreciably affecting
transient response. The compensating network is chosen with a pole at the origin
to increase the system type and a zero at —0.1, close to the compensator pole, so that
the angular contribution of the compensator evaluated at the original, dominant,
second-order poles is approximately zero. Thus, the original, dominant, second-order
closed-loop poles are still approximately on the new root locus.

SOLUTION: We first analyze the uncompensated system and determine the loca-
tion of the dominant, second-order poles. Next we evaluate the uncompensated
steady-state error for a unit steApJag[@: r(R[DFus Enlh Al 2 Esated
system is shown in Figure 9.5.

A damping ratio of 0.174 is represented by a radial line drawn on the s-plane at
100.02°. Searching along this line with the root locus program discussed in Appendix
H at www.wiley.com/college/nise, we find that the dominant poles are 0.694 £ j3.926
for a gain, K, of 164.6. Now look for the third pole on the root locus beyond —10 on
the real axis. Using the root locus program and searching for the same gain as that of
the dominant pair, K = 164.6, we find that the third pole is approximately at —11.61.
This gain yields K, = 8.23. Hence, the steady-state error is

1 1

= = =0.108 9.1
) =1k, ~ 11823 6-1)
Gain Plant
R(s) + E(s) 1 C(s)
2 K | TGr)+2)(s+10) g
(@)
Compensator Plant
R(s) + E(s) K(s+0.1) [ | 1 Cls) _ FIGURE 9.4 ClOSCd-lOOp
X s (s+1)(s+2)(s+10) system for Example 9.1:

a. before compensation;
b. after ideal integral
(®) compensation



www.wiley.com/college/nise

462

Chapter 9 Design via Root Locus

jo
[
£=0.174
—0.694 +j3.926 A - j4
K=164.6
s-plane
- JZ
—
100.02°
S am— : : : X=X -0
-11.61 -10 -8 -6 -4 2 1-1 0
- _]2
X = Closed-loop pole
X = Open-loop pole
- -4
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Adding an ideal integral compensator with a zero at —0.1, as shown in Figure
9.4(b), we obtain the root locus shown in Figure 9.6. The dominant second-order

poles, the third pol d Eﬁ) Eilétheiéain are approximately the same as for

the Ap)a{gr&te cm. R&& [of the compensated root locus is

between the origin and —0.1. Searching this region for the same gain at the

dominant pair, K = 158.2, the fourth closed-loop pole is found at —0.0902, close
jo
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enough to the zero to cause pole-zero cancellation. Thus, the compensated
system’s closed-loop poles and gain are approximately the same as the un-
compensated system’s closed-loop poles and gain, which indicates that the
transient response of the compensated system is about the same as the un-
compensated system. However, the compensated system, with its pole at the
origin, is a Type 1 system; unlike the uncompensated system, it will respond to a
step input with zero error.

Figure 9.7 compares the uncompensated response with the ideal integral
compensated response. The step response of the ideal integral compensated system
approaches unity in the steady state, while the uncompensated system approaches
0.892. Thus, the ideal integral compensated system responds with zero steady-state
error. The transient response of Ap1a}grejlco ) tecngﬂ*‘]? ﬁ@le?rregral
compensated systems is the same upto approximately 3 seconds. After that time the
integrator in the compensator, shown in Figure 9.4(b), slowly compensates for the
error until zero error is finally reached. The simulation shows that it takes 18 seconds
for the compensated system to reach to within £2% of the final value of unity, while
the uncompensated system takes about 6 seconds to settle to within +2% of its final
value of 0.892. The compensation at first may appear to yield deterioration in the
settling time. However, notice that the compensated system reaches the un-
compensated system’s final value in about the same time. The remaining time is
used to improve the steady-state error over that of the uncompensated system.

compensated system response
0 5 10 15 20 and the uncompensated system
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A method of implementing an ideal integral compensator is shown in Figure 9.8.
The compensating network precedes G(s) and is an ideal integral compensator since

K
KZ_Kl(S‘i‘K_?)

G =Ki+—=——2+2% 9.2
c(s ) 1+ P s ( )
Integral (I)
K,
I
Proportional (P) Plant
R + C
(s) + X, + 6 (s)

FIGURE 9.8 PI controller
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The value of the zero can be adjusted by varying K, /K. In this implementation, the
error and the integral of the error are fed forward to the plant, G(s). Since Figure 9.8
has both proportional and integral control, the ideal integral controller, or compen-
sator, is given the alternate name PI controller. Later in the chapter we will see how to
implement each block, K; and K;/s.

Lag Compensation
Ideal integral compensation, with its pole on the origin, requires an active integrator.
If we use passive networks, the pole and zero are moved to the left, close to the
origin, as shown in Figure 9.9(c). One may guess that this placement of the pole,
although it does not increase the system type, does yield an improvement in the static
error constant over an uncompensated system. Without loss of generality, we
demonstrate that this improvement is indeed realized for a Type 1 system.
Assume the uncompensated system shown in Figure 9.9(a). The static error
constant, K,, for the system is

Voo

Kzi2
VO:# (9.3)
bipy -

K

Assuming the lag compensator shown in Figure 9.9(b) and (c), the new static error
constant is

K (Kz1z2-)(2c) (9.4)

. (P1p2 ) (Pe)

What is the effect on the transient response? Figure 9.10 shows the effect on the
root jocus of addin c efnsator. 81 compensated system’s root locus is
shoAﬁ @gif 9.1%61;&&& glf]a léllEd to be the dominant pole. If the lag

compensator pole and zero are close together, the angular contribution of the

Gain Plant
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FIGURE 9.9 a. Type 1 uncompensated system; b. Type 1 compensated system; ¢. compensator
pole-zero plot
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FIGURE 9.10 Root locus: a. before lag compensation; b. after lag compensation

compensator to point P is approximately zero degrees. Thus, in Figure 9.10(b), where
the compensator has been added, point P is still at approximately the same location
on the compensated root locus.

What is the effect on the required gain, K? After inserting the compensator, we
find that K is virtually the same for the uncompensated and compensated systems,
since the lengths of the vectors drawn from the lag compensator are approximately
equal and all other vectors have not changed appreciably.

Now, what improvement can we expect in the steady-state error? Since we

established that the gain, K, is abo fozFb o) t pen-
sated systems, we can substitute mgﬂ ( .4;?&10 oﬁﬁﬁ f‘fﬁ'& é)in

Z
KVN = KVOP_C > KV() (95)

c

Equation (9.5) shows that the improvement in the compensated system’s K,
over the uncompensated system’s K, is equal to the ratio of the magnitude of the
compensator zero to the compensator pole. In order to keep the transient response
unchanged, we know the compensator pole and zero must be close to each other.
The only way the ratio of z. to p. can be large in order to yield an appreciable
improvement in steady-state error and simultaneously have the compensator’s
pole and zero close to each other to minimize the angular contribution is to place
the compensator’s pole-zero pair close to the origin. For example, the ratio of z. to
p.can be equal to 10 if the pole is at —0.001 and the zero is at —0.01. Thus, the ratio
is 10, yet the pole and zero are very close, and the angular contribution of the
compensator is small.

In conclusion, although the ideal compensator drives the steady-state error
to zero, a lag compensator with a pole that is not at the origin will improve the
static error constant by a factor equal to z./p,. There also will be a minimal effect
upon the transient response if the pole-zero pair of the compensator is placed
close to the origin. Later in the chapter we show circuit configurations for the lag
compensator. These circuit configurations can be obtained with passive networks
and thus do not require the active amplifiers and possible additional power
supplies that are required by the ideal integral (PI) compensator. In the following
example we design a lag compensator to yield a specified improvement in steady-
state error.
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G example 9.2 D

FIGURE 9.11 Compensated
system for Example 9.2

Lag Compensator Design

PROBLEM: Compensate the system of Figure 9.4(a), whose root locus is shown in
Figure 9.5, to improve the steady-state error by a factor of 10 if the system is
operating with a damping ratio of 0.174.

SOLUTION: The uncompensated system error from Example 9.1 was 0.108 with
K, = 8.23. A tenfold improvement means a steady-state error of

1
e(o0) = w = 0.0108 (9.6)
10
Since
(c0) = 1 = 0.0108 (9.7)
e(oo) = 4K, =0. .

rearranging and solving for the required K, yields

_1—e(o0) 1-0.0108
Ko =) = 00108 =91.59 (9.8)

The improvement in K, from the uncompensated system to the compensated
system is the required ratio of the compensator zero to the compensator pole, or

S
Apago PDF Erfianger s 99)

Arbitrarily selecting
p. =001 (9.10)

we use Eq. (9.9) and find
ze = 11.13p, ~ 0.111 (9.11)

Let us now compare the compensated system, shown in Figure 9.11, with the
uncompensated system. First sketch the root locus of the compensated system, as
shown in Figure 9.12. Next search along the ¢ = 0.174 line for a multiple of 180° and
find that the second-order dominant poles are at —0.678 =+ j3.836 with a gain, K, of
158.1. The third and fourth closed-loop poles are at —11.55 and —0.101, respec-
tively, and are found by searching the real axis for a gain equal to that of the
dominant poles. All transient and steady-state results for both the uncompensated
and the compensated systems are shown in Table 9.1.

The fourth pole of the compensated system cancels its zero. This leaves the
remaining three closed-loop poles of the compensated system very close in value to
the three closed-loop poles of the uncompensated system. Hence, the transient

Compensator Plant
R(s) + o EG) | K(s+0.11D) | 1 C(s)
X (s +0.01) (s+ D(s+2)(s+ 10)
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response of both systems is approximately the same, as is the system gain, but notice
that the steady-state error of the compensated system is 1/9.818 that of the un-
compensated system and is close to the design specification of a tenfold improvement.

Figure 9.13 shows the effect of the lag compensator in the time domain. Even
though the transient responses o, g@pepw anE‘ﬁgh?lchsmd Sys-
tems are the same, the lag-compensated system exhibits less steady-state error by
approaching unity more closely than the uncompensated system.

We now examine another design possibility for the lag compensator and
compare the response to Figure 9.13. Let us assume a lag compensator whose pole
and zero are 10 times as close to the origin as in the previous design. The results are
compared in Figure 9.14. Even though both responses will eventually reach
approximately the same steady-state value, the lag compensator previously de-
signed, G.(s) = (s +0.111) /(s + 0.01), approaches the final value faster than the
proposed lag compensator, G.(s) = (s +0.0111) /(s 4+ 0.001). We can explain this
phenomenon as follows. From Table 9.1, the previously designed lag compensator

TABLE 9.1 Predicted characteristics of uncompensated and lag-compensated systems for
Example 9.2

Parameter Uncompensated Lag-compensated

K K(s+0.111)

Plant and compensator

(s+1)(s+2)(s+10) (s+1)(s+2)(s+10)(s + 0.01)

K 164.6 158.1

K, 8.23 87.75

e(o0) 0.108 0.011

Dominant second-order poles —0.694 +j3.926 —0.678 +j3.836

Third pole —11.61 —11.55

Fourth pole None —0.101

Zero None —0.111

FIGURE 9.12
compensated system of
Figure 9.11

Trylt 9.1

Use the following MATLAB
and Control System Toolbox

statements to reproduce
Figure 9.13.

Gu=zpk ([1, ...
[-1-2-10],164.6);
Ge=zpk([-0.111], ...
[-0.01],1);
Gce=Gu*Gc;
Tu=feedback (Gu, 1);

Tc=feedback (Gce, 1);

step (Tu)
hold
step(Tc)

Root locus for

467




468 Chapter 9 Design via Root Locus

/
14
1.2
Lag- ted
ok ag-compensate
% 0.8 Uncompensated
0.6
0.4
FIGURE 9.13 Step responses 0.2
of uncompensated and 0 I I I I
lag-compensated systems for 0 5 10 15 20
Example 9.2 Time (seconds)
/
14 -
12+ Gi(s) = (s+ %10111)
1oL (s +0.01)
S 0sf _(+00111)
N Gl = ¥ 0.001)
0.6
0.4 H
FIGURE 9.14 Step responses 0.2
of thesy\@AGOmrPDF Efthancer . . L,
using different lag 0 5 10 15 20
compensators Time (seconds)
has a fourth closed-loop pole at —0.101. Using the same analysis for the new lag
compensator with its open-loop pole 10 times as close to the imaginary axis, we
find its fourth closed-loop pole at —0.01. Thus, the new lag compensator has a
closed-loop pole closer to the imaginary axis than the original lag compensator.
This pole at —0.01 will produce a longer transient response than the original pole
at —0.101, and the steady-state value will not be reached as quickly.

@ skill-Assessment Exercise 9.1 IS

% PROBLEM: A unity feedback system with the forward transfer function
Control Solutions K

G(s) = G177

is operating with a closed-loop step response that has 15% overshoot. Do the
following:

a. Evaluate the steady-state error for a unit ramp input.

b. Design a lag compensator to improve the steady-state error by a factor of 20.
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c. Evaluate the steady-state error for a unit ramp input to your compensated
system.

d. Evaluate how much improvement in steady-state error was realized.

ANSWERS:
a. Cramp(00) = 0.1527
s+0.2
b- Gaels) =001

C. Cramp(00) = 0.0078

d. 19.58 times improvement

The complete solution is at www.wiley.com/college/nise.
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9.3 Improving Transient Response
via Cascade Compensation

Since we have solved the problem of improving the steady-state error without
affecting the transient response, let us now improve the transient response itself. In
this section, we discuss two ways to improve the transient response of a feedback
control system by using cascade coﬁqgr@gl@ TypXadp- thEepi{aad pe@qsign a
response that has a desirable percent'over3hoot and a shorter settling time than the
uncompensated system.

The first technique we will discuss is ideal derivative compensation. With ideal
derivative compensation, a pure differentiator is added to the forward path of the
feedback control system. We will see that the result of adding differentiation is the
addition of a zero to the forward-path transfer function. This type of compensation
requires an active network for its realization. Further, differentiation is a noisy
process; although the level of the noise is low, the frequency of the noise is high
compared to the signal. Thus, differentiating high-frequency noise yields a large,
unwanted signal.

The second technique does not use pure differentiation. Instead, it approx-
imates differentiation with a passive network by adding a zero and a more distant
pole to the forward-path transfer function. The zero approximates pure differentia-
tion as described previously.

As with compensation to improve steady-state error, we introduce names
associated with the implementation of the compensators. We call an ideal deriva-
tive compensator a proportional-plus-derivative (PD) controller, since the imple-
mentation, as we will see, consists of feeding the error (proportional) plus
the derivative of the error forward to the plant. The second technique uses a
passive network called a lead compensator. As with the lag compensator, the name
comes from its frequency response, which is discussed in Chapter 11. Thus, we use
the name PD controller interchangeably with ideal derivative compensator, and
we use the name lead compensator when the cascade compensator does not employ
pure differentiation.
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Ideal Derivative Compensation (PD)
The transient response of a system can be selected by choosing an appropriate
closed-loop pole location on the s-plane. If this point is on the root locus, then a
simple gain adjustment is all that is required in order to meet the transient response
specification. If the closed-loop pole location is not on the root locus, then the root
locus must be reshaped so that the compensated (new) root locus goes through the
selected closed-loop pole location. In order to accomplish the latter task, poles and
zeros can be added in the forward path to produce a new open-loop function whose
root locus goes through the design point on the s-plane. One way to speed up the
original system that generally works is to add a single zero to the forward path.
This zero can be represented by a compensator whose transfer function is

Ge(s) =5+ 2 (9.12)

This function, the sum of a differentiator and a pure gain, is called an ideal derivative,
or PD controller. Judicious choice of the position of the compensator zero can
quicken the response over the uncompensated system. In summary, transient
responses unattainable by a simple gain adjustment can be obtained by augmenting
the system’s poles and zeros with an ideal derivative compensator.

We now show that ideal derivative compensation speeds up the response of a
system. Several simple examples are shown in Figure 9.15, where the uncompensated
system of Figure 9.15(a), operating with a damping ratio of 0.4, becomes a compensated
system by the addition of a compensating zero at —2, —3, and —4 in Figures 9.15(b), (¢),
and (d), respectively. In each design, the zero is moved to a different position, and the
root locus is shown. For each compensated case, the dominant, second-order poles are
farther out along the 0.4 damping ratio line than the uncompensated system.

QJOe Apknsatkdrads &linant poles with the same damping
ratio as the uncompensated case. Thus, we predict that the percent overshoot will be
the same for each case.

Also, the compensated, dominant, closed-loop poles have more negative real
parts than the uncompensated, dominant, closed-loop poles. Hence, we predict that
the settling times for the compensated cases will be shorter than for the

jw é‘ =04 Jo
l .
477 346874 3 177
K=5125 )
4 j6 - J6
=04 /5 15
- j4  s-plane - j4  s-plane
43 =3

~0.939 + j2.151 .
K=2372 +4j2 172

471
Third 41 J X
pollre \'1 13.6° \'1 13.6
K¢t -0 % ®——X -0
0 6 5 4 B 2 - 0

X = Closed-loop pole X = Closed-loop pole
X = Open-loop pole X = Open-loop pole

(@) ®
FIGURE 9.15 Using ideal derivative compensation: a. uncompensated; b. compensator zero at —2; (figure continues)
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jo jo
A A
. ,]'7 n j7
£=04 {=04
—1J6 - j6
—2.437 +j5.583
K=3534 475 -5
~1.869 +j4.282
- j4 s-plane K =20.76 - j4
1.3 473
1.2 42
Third /1 Third - Jj1
pole \'1 13.6° pole \'1 13.6°
XXX -0 % %-O— % -0
-6 -5 4 3 2 |-1 0 -6 5 4 3 =2 1 -1 0

X = Closed-loop pole
X = Open-loop pole
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s-plane

X = Closed-loop pole
X = Open-loop pole

(e) (@
FIGURE 9.15 (Continued) c. compensator zero at —3; d. compensator zero at —4.
uncompensated case. The compensated, dominant, closed-loop poles with the more
negative real parts will have the shorter settling times. The system in Figure 9.15(b)
will have the shortest settling time.

All of the compensated systems will have smaller peak times than the
uncompensated system, since thepi i ﬁp th ﬁﬁg é tems
are larger. The system of Figure W ave t smamﬁﬁ .

Also notice that as the zero is placed farther from the dominant poles,
the closed-loop, compensated dominant poles move closer to the origin and
to the uncompensated, dominant closed-loop poles. Table 9.2 summarizes the

TABLE 9.2 Predicted characteristics for the systems of Figure 9.15

Uncompensated Compensation b Compensation ¢ Compensation d
Plant and compensator K Kls+2) Kis +3) Kis+4)
(s+1)(s+2)(s+5) (s+1)(s+2)(s+5) (s+1)(s+2)(s+5) (s+D(s+2)(s+5)
Dom, poles —0.939 +j2.151 —-3+j6.874 —2.437 £j5.583 —1.869 £ j4.282
K 23.72 51.25 35.34 20.76
e 0.4 0.4 0.4 0.4
wp 2.347 7.5 6.091 4.673
% 0S8 25.38 25.38 25.38 25.38
T, 4.26 1.33 1.64 2.14
T, 1.46 0.46 0.56 0.733
K, 2.372 10.25 10.6 8.304
e(c0) 0.297 0.089 0.086 0.107
Third pole —6.123 None —3.127 —4.262
Zero None None -3 —4
Comments Second-order Pure Second-order Second-order
approx. OK second-order approx. OK approx. OK
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Zero at —2 Zero at —4 Uncompensated
Z —
1251 ero at —3
1.00 -
< 075
T
0.50 -
025
FIGURE 9.16 Uncompensated
system and ideal derivative 0 L !
compensation solutions from 0 L5 3.0 45
Table 9.2 Time (seconds)

results obtained from the root locus of each of the design cases shown in
Figure 9.15.

In summary, although compensation methods ¢ and d yield slower responses
than method b, the addition of ideal derivative compensation shortened the response
time in each case while keeping the percent overshoot the same. This change can best
be seen in the settling time and peak time, where there is at least a doubling of speed
across all of the cases of compensation. An added benefit is the improvement in the
steady-state error, even though lag compensation was not used. Here the steady-state
error of the compensated system is at least one-third that of the uncompensated
system, as seen by e(oco) and K. All systems in Table 9.2 are Type 0, and some steady-
state grror is e Tﬁg ust not assume that, in general, improvement in
tranAp d V\QF;I eerl-‘lt in steady-state error.

The time response of each case in Table 9.2 is shown in Figure 9.16. We see that
the compensated responses are faster and exhibit less error than the uncompensated
response.

Now that we have seen what ideal derivative compensation can do, we are
ready to design our own ideal derivative compensator to meet a transient response
specification. Basically, we will evaluate the sum of angles from the open-loop poles
and zeros to a design point that is the closed-loop pole that yields the desired
transient response. The difference between 180° and the calculated angle must be the
angular contribution of the compensator zero. Trigonometry is then used to locate
the position of the zero to yield the required difference in angle.

G example 9.3 D

Ideal Derivative Compensator Design

PROBLEM: Given the system of Figure 9.17, design an ideal derivative compen-
sator to yield a 16% overshoot, with a threefold reduction in settling time.

R(s) + E(s) K

@ SOLUTION: Let us first evaluate the performance of the un-
S

s(s + 4)(s + 6)

= compensated system operating with 16% overshoot. The root locus

for the uncompensated system is shown in Figure 9.18. Since 16%
overshoot is equivalent to ¢ = 0.504, we search along that damping

Example 9.3

FIGURE 9.17 Feedback control system for ~Iatio line for an odd multiple of 180° and find that the dominant,

second-order pair of poles is at —1.205 £ j2.064. Thus, the settling
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jo
£=0.504
43
s-plane
42
—-1.205 + j2.064
K=4335
41
120.26°
X Il X 1 X Il 1 1 o
-7.59 -7 -6 -5 -4 -3 -2 -1 0
X = Closed-loop pole
X = Open-loop pole

FIGURE 9.18 Root locus for uncompensated system shown in Figure 9.17

time of the uncompensated system is

4 4

s =T === .2 .1
twn, 1205 3:320 (9.13)

Since our evaluation of percent overshoot and settling time is based upon a
second-order approximation, we must check the assumption by finding the third
pole and justifying the second-order approximation. Searching beyond —6 on
the real axis for a gain equal to the gain of the dominant, second-order pair,
43.35, we find a third pole at —7.59, which is over six times as far from the jw-axis
as the dominant, second-order A@ag@on@@r&laﬁﬂh@ﬂ)@lelfon is
valid. The transient and steady-state error characteristics of the uncompensated
system are summarized in Table 9.3.

TABLE 9.3 Uncompensated and compensated system characteristic of Example 9.3

Uncompensated Simulation Compensated Simulation
K K(s +3.006
Plant and compensator GG 16) m
Dominant poles —1.205 £ 2.064 —3.613 +£6.193
K 43.35 47.45
s 0.504 0.504
Wy 2.39 7.17
%08 16 14.8 16 11.8
T, 3.320 3.6 1.107 1.2
T, 1.522 1.7 0.507 0.5
K, 1.806 5.94
e(o0) 0.554 0.168
Third pole —7.591 —2.775
Zero None —3.006
Comments Second-order Pole-zero

approx. OK not canceling
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Virtual Experiment 9.1
PD Controller Design

Put theory into practice and
use root-locus to design a PD
controller for the Quanser Ball
and Beam using LabVIEW.
The Ball and Beam is an un-
stable system, similar to exo-
thermic chemical processes
that have to be stabilized to
avoid overheating.

Virtual experiments are found
on WileyPLUS.




474 Chapter 9 Design via Root Locus

jo
A
£=0.504 Desired 15
compensated J
—3.613 +j6.193 dominant pole | 6
- J5
174 s-plane
- ]3
Uncompensated 172
dominant pole
—1.205 +j2.064 -1 J1
'\‘120 26°
FIGURE 9.19 Compensated N} % ! ! o
dominant pole superimposed -7.59 -7 -6 -5 -4 -3 2| -1
over the uncompensated root X = Closed-loop pole
locus for Example 9.3 X = Open-loop pole

Now we proceed to compensate the system. First we find the location of the
compensated system’s dominant poles. In order to have a threefold reduction in the
settling time, the compensated system’s settling time will be one-third of Eq. (9.13).
The new settling time will be 1.107. Therefore, the real part of the compensated
system’s dominant, second-order pole is

=3613 (9.14)

o PDF Enﬁ ah18

Figure 9.19 gows the designed dominant, second order pole, with a real part equal
to —3.613 and an imaginary part of

wg = 3.613 tan(180° — 120.26°) = 6.193 (9.15)

Next we design the location of the compensator zero. Input the uncompensated
system’s poles and zeros in the root locus program as well as the design point
—3.613 £j6.193 as a test point. The result is the sum of the angles to the design
point of all the poles and zeros of the compensated system except for those of
the compensator zero itself. The difference between the result obtained and
180° is the angular contribution required of the compensator zero. Using the
open-loop poles shown in Figure 9.19 and the test point, —3.613 + j6.193, which
is the desired dominant second-order pole, we obtain the sum of the angles as
—275.6°. Hence, the angular contribution required from the compensator zero
for the test point to be on the root locus is +275.6° — 180° = 95.6°. The geom-
etry is shown in Figure 9.20, where we now must solve for —o, the location of
the compensator zero.

From the figure,

6.193

Thus, o = 3.006. The complete root locus for the compensated system is shown in
Figure 9.21.

Table 9.3 summarizes the results for both the uncompensated system and the
compensated system. For the uncompensated system, the estimate of the transient
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jo
£=0.504 A
- ]7
Desired
-3.613 +6.193 compensated 1.
. Jj6
dominant pole
- _/5
- j4 s-plane
- ]3
Uncompensated . )
dominant pole —1-205 +,2.064 1 2
- ]1
95.6° \'120.26"
1 AV 1 AV 1 1
N N
-7 -6 -5 -4 —?\ 2 -1 0 FIGURE 9.20 Evaluating the

X = Closed-loop pole o

X = Open-loop pole zero for Example 9.3

response is accurate since the third pole is at least five times the real part of the
dominant, second-order pair. The second-order approximation for the compen-
sated system, however, may be invalid because there is no approximate closed-

location of the compensating

loop third-pole and zero cancellation between the closed-loop pole at —2.775 and

the closed-loop zero at

—3.006. A simulation or a partial-fraction expansion of the

closed-loop response to compare the residue of the pole at —2.775 to the residues

of the dominant poles at
are shown in the table’s

-3.613
second co

mn

e | i ion
he uncompensated system and the

fourth column for the compensated system. The simulation results can be
obtained using MATLAB (discussed at the end of this example) or a program

£=0.504

-3.613 +j6.193
K=4745

Compensated
dominant pole

jo

_]6

s-plane

\;20.26"
o

X = Closed-loop pole
X = Open-loop pole

FIGURE 9.21 Root locus for
the compensated system of
Example 9.3

475




476

MATLAB

Chapter 9 Design via Root Locus

Compensated Uncompensated

1.2

0.8 -

c(t)

0.6 -

02|

FIGURE 9.22 Uncompensated 0 ) ) ) ) ) ) ) )
and compensated system step 0 05 10 15 20 25 30 35 40
responses of Example 9.3 Time (seconds)

like the state-space step-response program described in Appendix H.1 at www.
wiley.com/college/nise. The percent overshoot differs by 3% between the un-
compensated and compensated systems, while there is approximately a threefold
improvement in speed as evaluated from the settling time.

The final results are displayed in Figure 9.22, which compares the un-
compensated system and the faster compensated system.

Students who are using MATLAB should now run ch9pl in Appendix B.
MATLAB will be used to design a PD controller. Youwill input the
desiredpercent overshoot fromthe keyboard. MATLABwill plot the
root,locus of t mpensated system and the percent overshoot
lin a.ngl Pﬁgoc aﬂée&e gain, after which MATLAB
will display the performance characteristics of the un-
compensated systemandplot its step response. Using these char-
acteristics, you will input the desired settling time. MATLAB
will design the PD controller, enumerate its performance char-
acteristics, andplotastep response. Thisexercise solves Exam-
ple 9.3 using MATLAB.

K>s

R(s) + K, +

Once we decide on the location of the compensating zero,
how do we implement the ideal derivative, or PD controller? The
ideal integral compensator that improved steady-state error was

) implemented with a proportional-plus-integral (PI) controller.
G(s) The ideal derivative compensator used to improve the transient

response is implemented with a proportional-plus-derivative

FIGURE 9.23 PD controller

(PD) controller. For example, in Figure 9.23 the transfer function
of the controller is

G.(s) =Kys+ K1 =K, (S + %) (9.17)

Hence, K1/K> is chosen to equal the negative of the compensator zero, and K is

chosen to contribute to the required loop-gain value. Later in the chapter, we will
study circuits that can be used to approximate differentiation and produce gain.

While the ideal derivative compensator can improve the transient response of

the system, it has two drawbacks. First, it requires an active circuit to perform the
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differentiation. Second, as previously mentioned, differentiation is a noisy process:
The level of the noise is low, but the frequency of the noise is high compared to the
signal. Differentiation of high frequencies can lead to large unwanted signals or
saturation of amplifiers and other components. The lead compensator is a passive
network used to overcome the disadvantages of ideal differentiation and still retain
the ability to improve the transient response.

Lead Compensation

Just as the active ideal integral compensator can be approximated with a passive lag
network, an active ideal derivative compensator can be approximated with a passive
lead compensator. When passive networks are used, a single zero cannot be
produced; rather, a compensator zero and a pole result. However, if the pole is
farther from the imaginary axis than the zero, the angular contribution of the
compensator is still positive and thus approximates an equivalent single zero. In
other words, the angular contribution of the compensator pole subtracts from the
angular contribution of the zero but does not preclude the use of the compensator to
improve transient response, since the net angular contribution is positive, just as for a
single PD controller zero.

The advantages of a passive lead network over an active PD controller are that
(1) no additional power supplies are required and (2) noise due to differentiation is
reduced. The disadvantage is that the additional pole does not reduce the number of
branches of the root locus that cross the imaginary axis into the right-half-plane,
while the addition of the single zero of the PD controller tends to reduce the number
of branches of the root locus that cross into the right half-plane.

Let us first look at the concept behind lead compensation If we select a desired
dominant, second-order pole on Atp Qﬂﬁ: a%ﬁpfér the
uncompensated system’s poles and ¥ero the de51gn pomt can oun:
difference between 180° and the sum of the angles must be the angular contrlbutlon
required of the compensator.

For example, looking at Figure 9.24, we see that

0, — 601 — 03 — 64+ 65 = (2k + 1)180° (9.18)

where (6, — 6;1) = 6, is the angular contribution of the lead compensator. From
Figure 9.24 we see that 0, is the angle of a ray extending from the design point and
intersecting the real axis at the pole value and zero value of the compensator. Now
visualize this ray rotating about the desired closed-loop pole location and

Desired pole ]
location

s-plane

FIGURE 9.24 Geometry of lead compensation
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Trylt 9.2

Use MATLAB, the Control Sys-
tem Toobox, and the following
steps to use SISOTOOL to per-
form the design of Example 9.3.

1. Type SISOTOOL in the
MATLAB Command
Window.

2. Select Import in the File
menu of the SISO Design
for SISO Design Task
Window.

3. In the Data field for G, type
zpk ([1,[0,-4,-6],1)
and hit ENTER on the
keyboard. Click OK.

4. On the Edit menu choose
SISO Tool Preferences . . .

and select Zero/pole/gain:
under the Options tab.
Click OK.

5. Right-click on the root locus
white space and choose De-
sign Requirements/New . . .

6. Choose Percent overshoot
and type in 16. Click OK.

7. Right-click on the root locus
white space and choose De-
sign Requirements/New . . .

8. Choose Settling time and
click OK.

9. Drag the settling time ver-
tical line to the intersection
of the root locus and 16%
overshoot radial line.

10. Read the settling time at
the bottom of the window.

11. Drag the settling time ver-
tical line to a settling time
that is 1/3 of the value
found in Step 9.

12. Click onaredzeroiconinthe
menu bar. Place the zero on
the root locus real axis by
clicking again on the real axis.

13. Left-click on the real-axis
zero and drag it along the
real axis until the root locus
intersects the settling time
and percent overshoot lines.

14. Dragared square along the
root locus until it is at the
intersection of the root lo-
cus, settling time line, and
the percent overshoot line.

15. Click the Compensator Ed-
itor tab of the Control and
Estimation Tools Manager
window to see the resulting
compensator, including the
gain.
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FIGURE 9.25 Three of the
infinite possible lead
compensator solutions
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Desired
pole
location s-plane

Pc,

oy

intersecting the real axis at the compensator pole and zero, as illustrated in Figure
9.25. We realize that an infinite number of lead compensators could be used to meet
the transient response requirement.

How do the possible lead compensators differ? The differences are in the
values of static error constants, the gain required to reach the design point on the
compensated root locus, the difficulty in justifying a second-order approximation
when the design is complete, and the ensuing transient response.

For design, we arbitrarily select either a lead compensator pole or zero and find
the angular contribution at the design point of this pole or zero along with the system’s
open-loop poles and zeros. The difference between this angle and 180° is the required
contribution of the remaining compensator pole or zero. Let us look at an example.

Lead Compensator Design

PROBLEM: Design three lead compensators for the system of Figure 9.17 that will
reduce the settling time by a factor of 2 while maintaining 30% overshoot. Compare
the system characteristics between the three designs.

X = Open-loop pole

Example 9.4

;:0'358 jo SOLUTION: First determine the characteristics of the
. Og;zgs; od f . uncompensated system operating at 30% overshoot to
dominant pole 176 see what the uncompensated settling time is. Since 30%
~2.014 +5.252 1 overshoot is equivalent to a damping ratio of 0.358, we
/ search along the ¢ = 0.358 line for the uncompensated
™ dominant poles on the root locus, as shown in Figure
Uncompensated 9.26. From the pole’s real part, we calculate the un-
dominant pole 43 s-plane  compensated settling time as Ty = 4/1.007 = 3.972
-1.007 +2.627 seconds. The remaining characteristics of the un-
k=631 172 compensated system are summarized in Table 9.4.
) Next we find the design point. A twofold reduc-
1! 110.98° tion in settling time yields 7'y = 3.972/2 = 1.986 sec-
. " . " . . \ .o onds, from which the real part of the desired pole
I 0 location is —¢w, = —4/T; = —2.014. The imaginary
X = Closed-loop pole part is wy = —2.014 tan(110.98°) = 5.252.

FIGURE 9.26 Lead compensator design, showing evaluation Arbitra.rily assume a Compel.lsator zero at =5 on the
of uncompensated and compensated dominant poles for real axis as a possible solution. Using the root locus

We continue by designing the lead compensator.

program, sum the angles from both this zero and the
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TABLE 9.4 Comparison of lead compensation designs for Example 9.4
Uncompensated Compensation a Compensation b Compensation ¢
Plant and K K(s+5) K(s+4) K(s+2)
compensator s(s+4)(s+6) s(s+4)(s+6)(s+42.96) s(s+4)(s+6)(s+20.09) s(s+4)(s+6)(s+8.971)
Dominant poles ~ —1.007 +;2.627 —2.014 +£j5.252 —2.014 £j5.252 —2.014 £+ j5.252
K 63.21 1423 698.1 345.6
e 0.358 0.358 0.358 0.358
Ion 2.813 5.625 5.625 5.625
%O0S* 30 (28) 30 (30.7) 30 (28.2) 30 (14.5)
T 3.972 (4) 1.986 (2) 1.986 (2) 1.986 (1.7)
T, 1.196 (1.3) 0.598 (0.6) 0.598 (0.6) 0.598 (0.7)
K, 2.634 6.9 5.791 321
e(c0) 0.380 0.145 0.173 0.312
Other poles —7.986 —43.8, -5.134 —22.06 —13.3, —1.642
Zero None =5 None -2
Comments Second-order Second-order Second-order No pole-zero
approx. OK approx. OK approx. OK cancellation
"Simulation results are shown in parentheses.
uncompensated system’s poles and zeros, using the design point as a test point. The Desired —y /9
resulting angle is —172.69°. The difference between this angle and 180° is the angular Kf;’n‘:‘ll;?r‘lia;g‘lje SRk
contribution required from the con}xpalg@e i o @q%m@pt on
the root locus. Hence, an angular tontrBufion of —7.31° 1s required trom the g3 | PN
compensator pole. At (')14 | o

The geometry shown in Figure 9.27 is used to calculate the location of the
compensator pole. From the figure,

5.252

m = tan 7.310 (919)

from which the compensator pole is found to be
p. =42.96 (9.20)

The compensated system root locus is sketched in Figure 9.28.

jo

s-plane

Lx
[e]

—42.96 -6 -5

X = Closed-loop pole
X = Open-loop pole

FIGURE 9.28 Compensated
Note: This figure is not drawn to scale. system root locus

X = Closed-loop pole
X = Open-loop pole

Note: This figure is not drawn to scale.
FIGURE 9.27 s-plane picture
used to calculate the location
of the compensator pole for
Example 9.4
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In order to justify our estimates of percent overshoot and settling time, we
must show that the second-order approximation is valid. To perform this validity
check, we search for the third and fourth closed-loop poles found beyond —42.96
and between —5 and —6 in Figure 9.28. Searching these regions for the gain equal to
that of the compensated dominant pole, 1423, we find that the third and fourth
poles are at —43.8 and —5.134, respectively. Since —43.8 is more than 20 times the
real part of the dominant pole, the effect of the third closed-loop pole is negligible.
Since the closed-loop pole at —5.134 is close to the zero at —5, we have pole-zero
cancellation, and the second-order approximation is valid.

All results for this design and two other designs, which place the compensator
zero arbitrarily at —2 and —4 and follow similar design techniques, are summarized
in Table 9.4. Each design should be verified by a simulation, which could consist of
using MATLAB (discussed at the end of this example) or the state-space model
and the step-response program discussed in Appendix H.1 at www.wiley.com/
college/nise. We have performed a simulation for this design problem, and the
results are shown by parenthetical entries next to the estimated values in the table.
The only design that disagrees with the simulation is the case where the compen-
sator zero is at —2. For this case the closed-loop pole and zero do not cancel.

A sketch of the root locus, which you should generate, shows why the effect of
the zero is pronounced, causing the response to be different from that predicted.
Placing the zero to the right of the pole at —4 creates a portion of the root locus that
is between the origin and the zero. In other words, there is a closed-loop pole closer
to the origin than the dominant poles, with little chance of pole-zero cancellation
except at high gain. Thus, a quick sketch of the root locus gives us information from
which we can make better design decisions. For this example, we want to place the
Zero, tl)e leIDE)FEh (!c] 1ves a better chance for pole-zero
cancel t10 nd for a higher-order pole t at 1s to the left of the dominant poles and
subsequently faster. This is verified by the fact that our results show good second-
order approximations for the cases where the zero was placed at —4 and —5. Again,
decisions about where to place the zero are based on simple rules of thumb and
must be verified by simulations at the end of the design.

Let us now summarize the results shown in Table 9.4. First we notice
differences in the following:

1. The position of the arbitrarily selected zero
2. The amount of improvement in the steady-state error
3. The amount of required gain, K

4. The position of the third and fourth poles and their relative effect upon the
second-order approximation. This effect is measured by their distance from the
dominant poles or the degree of cancellation with the closed-loop zero.

Once a simulation verifies desired performance, the choice of compensation
can be based upon the amount of gain required or the improvement in steady-state
error that can be obtained without a lag compensator.

The results of Table 9.4 are supported by simulations of the step response,
shown in Figure 9.29 for the uncompensated system and the three lead compensa-
tion solutions.

Students who are using MATLAB should now run ch9p2 in Appendix B.
MATLAB will be used to design a lead compensator. Youwill input
the desired percent overshoot from the keyboard. MATLAB
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Compensation a, b
14 - Compensation ¢
Uncompensated
1.2
1.0 - S——
T o8t
0.6 -
04 L
021
0 ) ) ) ) FIGURE 9.29 Uncompensated
0 1 2 3 4 system and lead compensation
Time (seconds) responses for Example 9.4

will plot the root locus of the uncompensated system and the
percent overshoot line. Youwill interactivelyselect thegain,
after which MATLAB will display the performance characteris-
tics of the uncompensated system and plot its step response.
Using these characteristics,you will input the desired set-
tling time and a zero value for the lead compensator.You will
then interactively select a value for the compensator pole.
MATLAB will respond with a root locus.You can then continue
selecting pole values until the root locus goes through the
desired point.MATLAB will display the lead compensator,enu-

merate its performance c@gg@s%ﬁn@haﬁeeerre—

sponse.This exercise solve ple 9.4 using MATLAB.

@ skill-Assessment Exercise 9.2 D

PROBLEM: A unity feedback system with the forward transfer function

K
=6

is operating with a closed-loop step response that has 15% overshoot. Do the

following:

a. Evaluate the settling time.

b. Design a lead compensator to decrease the settling time by three times.
Choose the compensator’s zero to be at —10.

ANSWERS:
a. T, =1.143s 10
s+
b. =———— K =476.
Glead(s) s+ 2552, 76.3

The complete solution is at www.wiley.com/college/nise.
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( 9.4 Improving Steady-State Error and Transient Response

We now combine the design techniques covered in Sections 9.2 and 9.3 to obtain
improvement in steady-state error and transient response independently. Basically,
we first improve the transient response by using the methods of Section 9.3. Then we
improve the steady-state error of this compensated system by applying the methods
of Section 9.2. A disadvantage of this approach is the slight decrease in the speed of
the response when the steady-state error is improved.

As an alternative, we can improve the steady-state error first and then follow
with the design to improve the transient response. A disadvantage of this approach is
that the improvement in transient response in some cases yields deterioration in the
improvement of the steady-state error, which was designed first. In other cases,
the improvement in transient response yields further improvement in steady-state
errors. Thus, a system can be overdesigned with respect to steady-state errors.
Overdesign is usually not a problem unless it affects cost or produces other design
problems. In this textbook, we first design for transient response and then design for
steady-state error.

The design can use either active or passive compensators, as previously
described. If we design an active PD controller followed by an active PI controller,
the resulting compensator is called a proportional-plus-integral-plus-derivative
(PID) controller. If we first design a passive lead compensator and then design a
passive lag compensator, the resulting compensator is called a lag-lead compensator.

PID Controller Design

A P%(g@&:r IPBP 11Eﬁ1he§ﬁpclé Fansfer function is

K3<s2+&s+&>

K K K Kis?

Guls) = Ky + -2 4 Kys = D18 H R Ro87 K K (9.21)
S N S

which has two zeros plus a pole at the origin. One zero and the pole at the origin can
be designed as the ideal integral compensator; the other zero can be designed as the
ideal derivative compensator.

The design technique, which is demonstrated in Example 9.5, consists of the
following steps:

1. Evaluate the performance of the uncompensated system to determine how much
improvement in transient response is required.

2. Design the PD controller to meet the transient response specifications. The
design includes the zero location and the loop gain.

Kis
K,
S
R N C
(s) + X, + G6s) (s)

FIGURE 9.30 PID controller
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. Simulate the system to be sure all requirements have been met.

. Redesign if the simulation shows that requirements have not been met.
. Design the PI controller to yield the required steady-state error.
Determine the gains, K;, K5, and K3, in Figure 9.30.

. Simulate the system to be sure all requirements have been met.

=P - N R O

. Redesign if simulation shows that requirements have not been met.

483

G Example .5 D

PID Controller Design

PROBLEM: Given the system of Figure 9.31, design a PID REs) + EGs)

K(s+38)

C(s)

controller so that the system can operate with a peak time

(s +3)(s + 6)(s + 10)

that is two-thirds that of the uncompensated system at 20%
overshoot and with zero steady-state error for a step input.

SOLUTION: Note that our solution follows the eight-step pro-

. . system for Example 9.5
cedure described earlier. Y b

Step 1 Let us first evaluate the uncompensated system operating at 20% over-
shoot. Searching along the 20% overshoot line (¢ = 0.456) in Figure 9.32,
we find the dominant poles to be —5.415 4+ j10.57 with a gain of 121.5. A

third pole, which existsAatpéS.gl6o9, ISFST_.SE bEseahclan 8166 rregion
jo

A
{=0.456 1712

-5.415 +j10.57 Uncompensated )
K=1215 dominant pole 710

- ]8

- j6 s-plane

4 ja

_,]2

Nv17.13°
X X box— -c
-10 -8 -6 -4 -3 -2 0

-8.169 =55 -46

X = Closed-loop pole
X = Open-loop pole

FIGURE 9.32 Root locus for the uncompensated system of Example 9.5

FIGURE 9.31 Uncompensated feedback control
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TABLE 9.5 Predicted characteristics of uncompensated, PD-, and PID-compensated systems of Example 9.5

Uncompensated PD-compensated PID-compensated
K(s+8 K(s+8)(s+55.92 K(s+8)(s+5592)(s+ 0.5
Plant and compensator T 3)(s(+ 6)()s 10) B i 3) (s)i 6)(s + 1())) ((s T :15 5160 15 10)s !
Dominant poles —5.415 £j10.57 —8.13 +15.87 —7.516 £ j14.67
K 121.5 5.34 4.6
e 0.456 0.456 0.456
W 11.88 17.83 16.49
% 0S8 20 20 20
T 0.739 0.492 0.532
T, 0.297 0.198 0.214
K, 5.4 13.27 00
e(c0) 0.156 0.070 0
Other poles —8.169 —8.079 —8.099, —0.468
Zeros -8 -8, —55.92 -8, —55.92, -0.5
Comments Second-order Second-order Zeros at —55.92
approx. OK approx. OK and —0.5 not canceled

between —8 and —10 for a gain equivalent to that at the dominant poles. The
complete performance of the uncompensated system is shown in the first
column of Table 9. 5 where we compare the calculated values to those

Ap ﬁf 9 35). We estimate that the un-
CO\Q)ensated system as a peak time of 0.297 second at 20% overshoot.

Step 2 To compensate the system to reduce the peak time to two-thirds of that of the
uncompensated system, we must first find the compensated system’s domi-
nant pole location. The imaginary part of the compensated dominant pole is

bid T

Thus, the real part of the compensated dominant pole is

W4
=————=-813 9.23
tan 117.13° (9:23)
PD-compensated ~ °j Next we design the compensator. Using the geometry shown in Figure 9.33,
dominantpole s, __| 15 g7 we calculate the compensating zero’s location. Using the root locus program,

we find the sum of angles from the uncompensated system’s poles and zeros to

N s-plane the desired compensated dominant pole to be —198.37°. Thus, the contribution
i o required from the compensator zero is 198.37° — 180° = 18.37°. Assume that
e 813 the compensator zero is located at —z,, as shown in Figure 9.33. Since
X = Closed-loop pole 15.87
Note: This figure is not drawn to scale. m = tan 18.37° (924)
FIGURE 9.33 Calculating the c
PD compensator zero for then
Example 9.5 Ze=55.92 (9.25)

Thus, the PD controller is
Gpp(s) = (s +55.92) (9.26)
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£=0.456

PD-compensated
dominant pole

—8.13 +j15.87

K=534 s-plane
S

117.13°

1
—-106

X = Closed-loop pole
X = Open-loop pole

Note: This figure is not drawn to scale.

FIGURE 9.34 Root locus for PD-compensated system of Example 9.5

The complete root locus for the PD-compensated system is sketched in

Figure 9.34. Using aroot Aﬁ Fg @F at Eﬁhl |S 34.
derlvatl

Complete specifications fo ve compensatlon are shown in
the third column of Table 9.5.

Steps 3and 4 We simulate the PD-compensated system, as shown in Figure 9.35.

Step 5

c(t)

1.2

1.0

0.8

0.6

0.4

0.2

We see the reduction in peak time and the improvement in steady-state
error over the uncompensated system.

After we design the PD controller, we design the ideal integral compen-
sator to reduce the steady-state error to zero for a step input. Any ideal
integral compensator zero will work, as long as the zero is placed close to
the origin. Choosing the ideal integral compensator to be

s+0.5
s

GPI (S) =

(9.27)

PID

PD Uncompensated

FIGURE 9.35 Step responses
for uncompensated, PD-
| | | | | _  compensated, and PID-

0.4 0.8 1.2 1.6 2.0 compensated systems of
Time (seconds) Example 9.5
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£=0.456

PID-compensated

—7.516 +j14.67 dominant pole

K=46 s-plane

1 9
-106 -55.92

X = Closed-loop pole
X = Open-loop pole

Note: This figure is not drawn to scale.

FIGURE 9.36 Root locus for PID-compensated system of Example 9.5

we sketch the root locus for the PID-compensated system, as shown in
A p i 93F)®FChIE§1H)a?6| leJrn g ratio line, we find the dominant,
éég:r(?d-order poles to be —7. 123:1 714.67, with an associated gain of 4.6.
The remaining characteristics for the PID-compensated system are
summarized in the fourth column of Table 9.5.
Step 6 Now we determine the gains, K1,K5, and K3, in Figure 9.30. From Egs.
(9.26) and (9.27), the product of the gain and the PID controller is

K(s+55.92)(s +0.5) 4.6(s +55.92)(s +0.5)
s N s
4.6(s% + 56.42s + 27.96)

Grin(s) =
(9.28)

N

Matching Egs. (9.21) and (9.28), K; = 259.5, K» = 128.6, and K3 = 4.6

Steps 7 and 8 Returning to Figure 9.35, we summarize the results of our design. PD
compensation improved the transient response by decreasing the time re-
quired to reach the first peak as well as yielding some improvement in the
steady-state error. The complete PID controller further improved the steady-
state error without appreciably changing the transient response designed with
the PD controller. As we have mentioned before, the PID controller exhibits a
slower response, reaching the final value of unity at approximately 3 seconds. If
this is undesirable, the speed of the system must be increased by redesigning
the ideal derivative compensator or moving the PI controller zero farther from
the origin. Simulation plays an important role in this type of design since our
derived equation for settling time is not applicable for this part of the response,
where there is a slow correction of the steady-state error.
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Lag-Lead Compensator Design

In the previous example, we serially combined the concepts of ideal derivative and
ideal integral compensation to arrive at the design of a PID controller that improved
both the transient response and the steady-state error performance. In the next
example, we improve both transient response and the steady-state error by using a
lead compensator and a lag compensator rather than the ideal PID. Our compensa-
tor is called a lag-lead compensator.

We first design the lead compensator to improve the transient response. Next
we evaluate the improvement in steady-state error still required. Finally, we design
the lag compensator to meet the steady-state error requirement. Later in the chapter
we show circuit designs for the passive network. The following steps summarize the
design procedure:

1. Evaluate the performance of the uncompensated system to determine how much
improvement in transient response is required.

2. Design the lead compensator to meet the transient response specifications. The
design includes the zero location, pole location, and the loop gain.

3. Simulate the system to be sure all requirements have been met.
4. Redesign if the simulation shows that requirements have not been met.

5. Evaluate the steady-state error performance for the lead-compensated system to
determine how much more improvement in steady-state error is required.

6. Design the lag compensator to yield the required steady-state error.
7. Simulate the system to be sure all requirements have been met.

8. Redesign if the simulation shows that requirements have not been met.

Apago PDF Enhancer
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G example 9.0 D

Lag-Lead Compensator Design

PROBLEM: Design a lag-lead compensator for the system of Fig-
ure 9.37 so that the system will operate with 20% overshoot and a
twofold reduction in settling time. Further, the compensated system -
will exhibit a tenfold improvement in steady-state error for a ramp

R(s) + E(s)

K

C(s) -

s(s + 6)(s + 10)

input.
SOLUTION: Again, our solution follows the steps just described. Example 9.6

Step 1 First we evaluate the performance of the uncompensated sys-
tem. Searching along the 20% overshoot line (¢ = 0.456) in
Figure 9.38, we find the dominant poles at —1.794 + j3.501, with a gain of 192.1.
The performance of the uncompensated system is summarized in Table 9.6.

Step 2 Next we begin the lead compensator design by selecting the location of the
compensated system’s dominant poles. In order to realize a twofold reduction
in settling time, the real part of the dominant pole must be increased by a factor
of 2, since the settling time is inversely proportional to the real part. Thus,

—Cwy, = —2(1.794) = —3.588 (9.29)
The imaginary part of the design point is

wq = {wy tan 117.13° = 3.588 tan 117.13° = 7.003 (9.30)

FIGURE 9.37 Uncompensated system for
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jo
£=0.456 \
- j4
-1.794 + j3.501 Uncompensated dominant pole
K=192.1 13
s-plane
- _]2
11
117.13°
- . X% : : : % . . . . . \' o
T -1 -10 -9 -8 -7 -6 -5 -4 31|22 - 0
FIGURE 9.38 Root locus for —12.41
uncompensated system of X = Closed-loop pole
Example 9.6 X = Open-loop pole

Now we design the lead compensator. Arbitrarily select a location
for the lead compensator zero. For this example, we select the location of
the compensator zero coincident with the open-loop pole at —6. This
choice will eliminate a zero and leave the lead-compensated system with
three poles, the same number that the uncompensated system has.

We complete the design by finding the location of the compensator
pole. Using the root locus program, sum the angles to the design point from
the uncompensated system’s poles and zeros and the compensator zero
and get —164.65°. The difference between 180° and this quantity is the
angular contribution required from the compensator pole, or —15.35°.

Apage PPEY Enha feet:

7.003 .
m = tan 15.35

from which the location of the compensator pole, p., is found to be —29.1.

(9.31)

TABLE 9.6 Predicted characteristics of uncompensated, lead-compensated, and lag-lead-compensated systems of
Example 9.6

Uncompensated Lead-compensated Lag-lead-compensated

Plant and compensator Kk S S Kis +0.04713)
s(s +6)(s + 10) s(s+10)(s +29.1) s(s+10)(s +29.1)(s + 0.01)

Dominant poles —1.794 £ j3.501 —3.588 £7.003 —3.574 £6.976
K 192.1 1977 1971
e 0.456 0.456 0.456
wp 3.934 7.869 7.838
%08 20 20 20
T, 2.230 1.115 1.119
T, 0.897 0.449 0.450
K, 3.202 6.794 31.92
e(o0) 0.312 0.147 0.0313
Third pole —-12.41 -31.92 —31.91, —0.0474
Zero None None —0.04713
Comments Second-order approx. OK Second-order approx. OK Second-order approx. OK
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jo
A

- == j7.003
s-plane

15.35°

7, -3.588
X = Closed-loop pole
X = Open-loop pole

FIGURE 9.39 Evaluating the compensator pole for Example 9.6

Steps 3

Step 5

The complete root locus for the lead-compensated system is sketched
in Figure 9.40. The gain setting at the design point is found to be 1977.

and 4 Check the design with a simulation. (The result for the lead-
compensated system is shown in Figure 9.42 and is satisfactory.)

Continue by designing the lag compensator to improve the steady-state
error. Since the uncompensated system’s open-loop transfer function is

192.1

) = 5o+ 10)

(9.32)

the static error constant, K,, which is inversely proportional to the steady-

state error, is 3.201. SinMa@ﬁ-loprsfeEﬁﬁané@rlead-

compensated system is

1977
(s + 10)(s + 29.1)

Grc(s) = . (9.33)
the static error constant, K,, which is inversely proportional to the steady-
state errot, is 6.794. Thus, the addition of lead compensation has improved
the steady-state error by a factor of 2.122. Since the requirements of the
problem specified a tenfold improvement, the lag compensator must be
designed to improve the steady-state error by a factor of 4.713 (10/2.122 =
4.713) over the lead-compensated system.

Jjo
§=0.456 y
_pla
1o s-plane
—3.588 +j7.003 Compensated dominant pole
K=1977 46

173

—33T -30 -27 -24 -21 -18 -15 -12 -9 -6
-31.91

0

\‘117.13o
N1 I 1 1 1 Ly ® ! o
\_3

X = Closed-loop pole
X = Open-loop pole

FIGURE 9.40 Root locus for lead-compensated system of Example 9.6
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jo

£=0.456
-3.574 + j6.976 Compensated
K=1971 dominant pole

X

-31.91 —-0.0474 —-0.01

X = Closed-loop pole
X = Open-loop pole

Note: This figure is not drawn to scale.

FIGURE 9.41 Root locus for lag-lead-compensated system of Example 9.6

Step 6 We arbitrarily choose the lag compensator pole at 0.01, which then places

the lag compensator zero at 0.04713, yielding
(s +0.04713)

Apago PDF Enfiancerioo (9.34)

Step 7

as the lag compensator. The lag-lead-compensated system’s open-loop
transfer function is

K(s +0.04713)
(s + 10)(s +29.1)(s + 0.01)

GLLC (S) = 5 (935)

where the uncompensated system pole at —6 canceled the lead compen-
sator zero at —6. By drawing the complete root locus for the lag-lead-
compensated system and by searching along the 0.456 damping ratio line,
we find the dominant, closed-loop poles to be at —3.574 + j6.976, with a
gain of 1971. The lag-lead-compensated root locus is shown in Figure 9.41.
A summary of our design is shown in Table 9.6. Notice that the
lag-lead compensation has indeed increased the speed of the system, as
witnessed by the settling time or the peak time. The steady-state error
for a ramp input has also decreased by about 10 times, as seen
from e(o0).
The final proof of our designs is shown by the simulations of Figures 9.42
and 9.43. The improvement in the transient response is shown in Figure
9.42, where we see the peak time occurring sooner in the lag-lead-
compensated system. Improvement in the steady-state error for a ramp
input is seen in Figure 9.43, where each step of our design yields more
improvement. The improvement for the lead-compensated system is
shown in Figure 9.43(a), and the final improvement due to the addition
of the lag is shown in Figure 9.43(b).
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125 L / Lead- and lag-lead-compensated

Uncompensated

1.00 F ~——

c(t)

0.25
FIGURE 9.42 Improvement in
0 . . . ' . > step response for lag-lead-
compensated system of
Example 9.6
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50 Input
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(a)

Lead-compensated

c(t)

50 Input
45
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35F
3.0
25
2.0
1.5

1.0
05 L FIGURE 9.43 Improvement

0 ! ! ! ! . , inramp response error for
0 1 2 3 4 5 the system of Example 9.6:
Time (seconds) a. lead-compensated;

® b. lag-lead-compensated

c(t)

<————— Lag-lead-compensated

In the previous example, we canceled the system pole at —6 with the lead
compensator zero. The design technique is the same if you place the lead compen-
sator zero at a different location. Placing a zero at a different location and not
canceling the open-loop pole yields a system with one more pole than the example.
This increased complexity could make it more difficult to justify a second-order
approximation. In any case, simulations should be used at each step to verify
performance.
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Notch Filter
If a plant, such as a mechanical system, has high-frequency vibration modes, then a
desired closed-loop response may be difficult to obtain. These high-frequency
vibration modes can be modeled as part of the plant’s transfer function by pairs
of complex poles near the imaginary axis. In a closed-loop configuration, these poles
can move closer to the imaginary axis or even cross into the right half-plane, as
shown in Figure 9.44(a). Instability or high-frequency oscillations superimposed
over the desired response can result (see Figure 9.44(b)).

One way of eliminating the high-frequency oscillations is to cascade a notch
filter* with the plant (Kuo, 1995), as shown in Figure 9.44(c). The notch filter has

jo
A

"i\_,

Plant’s high-frequency poles

Response

o

s-plane Plant’s poles /

2

Apago PDF Enhancer  mm

(®

(a)

jo

Notch filter zeros and
plant high-frequency poles

[e2

(d)

FIGURE9.44 a.Rootlocus before cascading notch filter; b. typical closed-loop step response before cascading notch filter; e. pole-
zero plot of a notch filter; d. root locus after cascading notch filter; (figure continues)

2The name of this filter comes from the shape of its magnitude frequency response characteristics, which
shows a dip near the damped frequency of the high-frequency poles. Magnitude frequency response is
discussed in Chapter 10.
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Response

FIGURE 9.44 (Continued)
Time e. closed-loop step response
(e) after cascading notch filter

zeros close to the low-damping-ratio poles of the plant as well as two real poles.
Figure 9.44(d) shows that the root locus branch from the high-frequency poles now
goes a short distance from the high-frequency pole to the notch filter’s zero. The
high-frequency response will now be negligible because of the pole-zero cancellation
(see Figure 9.44(e)). Other cascade compensators can now be designed to yield a
desired response. The notch filter will be applied to Progressive Analysis and Design
Problem 55 near the end of this chapter.

@Y skill-Assessment Exercise 9.3 D

PROBLEM: A unity feedback syép QQ %rwgcpgnsfgﬂnl%p cer WileyPLUS
K
G(s) = G+

Control Solutions
is operating with a closed-loop step response that has 20% overshoot. Do the
following:

a. Evaluate the settling time.
b. Evaluate the steady-state error for a unit ramp input.

c. Design a lag-lead compensator to decrease the settling time by 2 times and
decrease the steady-state error for a unit ramp input by 10 times. Place the
lead zero at —3.

ANSWERS:

a. Ty, =1.143s

b. eramp(00) = 0.1189
(s +3)(s + 0.092)
. Gels) = , K =2054
¢ Gels) = (7 961)(s 1 0.0

The complete solution is at www.wiley.com/college/nise.

Before concluding this section, let us briefly summarize our discussion of
cascade compensation. In Sections 9.2, 9.3, and 9.4, we used cascade compensators to
improve transient response and steady-state error. Table 9.7 itemizes the types,
functions, and characteristics of these compensators.


www.wiley.com/college/nise
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TABLE 9.7 Types of cascade compensators

Function Compensator Transfer function Characteristics
NE s Zc
Improve steady-state error PI K 5 1. Increases system type.
2. Error becomes zero.
3. Zero at —z,. is small and negative.
4. Active circuits are required to implement.
s+2z .. .
Improve steady-state error Lag K n < 1. Error is improved but not driven to zero.
STp . .
‘ 2. Pole at —p, is small and negative.
3. Zero at —z. is close to, and to the left of, the
pole at —p.,.
4. Active circuits are not required to implement.
Improve transient response PD K(s+ zc) 1. Zero at —z, is selected to put design point on
root locus.
2. Active circuits are required to implement.
3. Can cause noise and saturation; implement
with rate feedback or with a pole (lead).
. S+ 2z
Improve transient response Lead K i - 1. Zero at —z. and pole at —p,, are selected to put
ST P

Improve steady-state error and
transient response

Improve steady-state error and
transient response

design point on root locus.

2. Pole at —p, is more negative than zero at —z..

3.

Active circuits are not required to implement.

A]é)n'ag O« M anIGgeero at —zj,¢ and pole at origin improve

(S + Zlag)(s + Zlead)

Lag-lead K
(S + plag)(s + plead)

2.

steady-state error.

Lead zero at —zjeaq improves transient
response.

. Lag zero at —z,4 is close to, and to the left of,

the origin.

. Lead zero at —z)c,q is selected to put design

point on root locus.

. Active circuits required to implement.

6. Can cause noise and saturation; implement

with rate feedback or with an additional pole.

. Lag pole at —py,, and lag zero at —zj,g are used

to improve steady-state error.

. Lead pole at —p,.,4 and lead zero at —zjeaq are

used to improve transient response.

. Lag pole at —py,, is small and negative.

4. Lag zero at —z,g is close to, and to the left of,

lag pole at —pj,,.

. Lead zero at —zjeaq and lead pole at —p,.,4 are

selected to put design point on root locus.

. Lead pole at —p,.,4 is more negative than lead

Zero at —Zjead-

. Active circuits are not required to implement.
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@ 9.5 Feedback Compensation

In Section 9.4, we used cascade compensation as a way to improve transient response
and steady-state response independently. Cascading a compensator with the plant is
not the only way to reshape the root locus to intersect the closed-loop s-plane poles
that yield a desired transient response. Transfer functions designed to be placed in a
feedback path can also reshape the root locus. Figure 9.45 is a generic configuration
showing a compensator, H.(s), placed in the minor loop of a feedback control
system. Other configurations arise if we consider K unity, G,(s) unity, or both unity.

The design procedures for feedback compensation can be more complicated
than for cascade compensation. On the other hand, feedback compensation can yield
faster responses. Thus, the engineer has the luxury of designing faster responses into
portions of a control loop in order to provide isolation. For example, the transient
response of the ailerons and rudder control systems of an aircraft can be designed
separately to be fast in order to reduce the effect of their dynamic response on the
steering control loop. Feedback compensation can be used in cases where noise
problems preclude the use of cascade compensation. Also, feedback compensation
may not require additional amplification, since the signal passing through the
compensator originates at the high-level output of the forward path and is delivered
to alow-level input in the forward path. For example, let K and G,(s) in Figure 9.45 be
unity. The input to the feedback compensator, K4(s), is from the high-level output of
G (s), while the output of K (s) is one of the low-level inputs into K. Thus, there is a
reduction in level through K (s), and amplification is usually not required.

A popular feedback compensator is a rate sensor that acts as a differentiator. In
aircraft and ship applications, the r n bpﬂ[ﬁ gy 7 ith an
output voltage proportional to the m@gﬁgr velocity. In gﬁﬁﬁe@%ﬂ%s this
rate sensor is implemented with a tachometer. A tachometer is a voltage generator
that yields a voltage output proportional to input rotational speed. This compensator
can easily be geared to the position output of a system. Figure 9.46 is a position

R(s) + C(s) _

K, =1 Gy(s) > Gy(s5)

Minor loop

KiH.(5) =

Major loop

Inertia Motor

Input
Tachometer — potentiometer
Output

potentiometer ~ 7 _ =

495

FIGURE 9.45 Generic control
system with feedback
compensation.

FIGURE 9.46 A position
control system that uses a
tachometer as a differentiator
in the feedback path. Can you
see the similarity between this
system and the schematic on
the front endpapers?
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_Re) + KK,G/(5)Gy(s)

KfHC(s) + KG(s)
KG,(s)

FIGURE 9.48 Equivalent block
diagram of Figure 9.45

Chapter 9 Design via Root Locus

0,(s) s V,(s)
(@)
R(s) + K + X, L C(s) .
Tachometer
Kps

®
FIGURE 9.47  a. Transfer function of a tachometer; b. tachometer feed-back compensation

control system showing the gearing of the tachometer to the motor. You can see the
input and output potentiometers as well as the motor and inertial load. The block
diagram representation of a tachometer is shown in Figure 9.47(a), and its typical
position within a control loop is shown in Figure 9.47(b).

While this section shows methods for designing systems using rate feedback, it
also sets the stage for compensation techniques in Chapter 12, where not only rate but
all states including position will be fed back for proper control system performance.

We now discuss design procedures. Typically, the design of feedback compen-
sation consists of finding the gains, such as K, K;, and Ky in Figure 9.45, after
establishing a dyna &m f Hﬁ) There are two approaches. The first is similar
to cAszag)é;)erE?i : Agm AihpGLEedback system, where G(s) is the
forward path and H(s) is the feedback. Now consider that a root locus is plotted from
G(s)H(s). With cascade compensation we added poles and zeros to G(s). With
feedback compensation, poles and zeros are added via H(s).

With the second approach, we design a specified performance for the minor
loop, shown in Figure 9.45, followed by a design of the major loop. Thus, the minor
loop, such as ailerons on an aircraft, can be designed with its own performance
specifications and operate within the major loop.

co_ Approach 1

The first approach consists of reducing Figure 9.45 to Figure 9.48 by pushing K
to the right past the summing junction, pushing G,(s) to the left past the pickoff
point, and then adding the two feedback paths. Figure 9.48 shows that the loop
gain, G(s)H(s), is

G(s)H(s) = K1G1(s)[KfH(s) + KG»(s)] (9.36)
Without feedback, KH(s), the loop gain is
G(s)H(s) = KK1G1(s5)Ga(s) (9.37)

Thus, the effect of adding feedback is to replace the poles and zeros of G,(s) with the
poles and zeros of [K;H,(s) + KG»(s)]. Hence, this method is similar to cascade
compensation in that we add new poles and zeros via H(s) to reshape the root locus
to go through the design point. However, one must remember that zeros of the
equivalent feedback shown in Figure 9.48, H(s) = [K;H . (s) + KG:(s)]/KG>(s), are
not closed-loop zeros.
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For example, if G,(s) =1 and the minor-loop feedback, K/.(s), is a rate
sensor, KyH(s) = Kys, then from Eq. (9.36) the loop gain is

G(s)H(s) = KfK1G1(s) (s + K£f> (9.38)

Thus, a zero at —K /K is added to the existing open-loop poles and zeros. This zero
reshapes the root locus to go through the desired design point. A final adjustment of
the gain, K4, yields the desired response. Again, you should verify that this zero is not
a closed-loop zero. Let us look at a numerical example.

G example 9.7 D

Compensating Zero via Rate Feedback

PROBLEM: Given the system of Figure 9.49(a), design rate feedback compensa-
tion, as shown in Figure 9.49(b), to reduce the settling time by a factor of 4 while
continuing to operate the system with 20% overshoot.

SOLUTION: First design a PD compensator. For the uncompensated system, search
along the 20% overshoot line (¢ = 0.456) and find that the dominant poles are at
—1.809 £ j3.531, as shown in Figure 9.50. The estimated specifications for the

R() + E(s) K, C(s)
® s(s +5)(s + 15)

1 Apago PDF Enhancer

(@)

jo
R(s) + | | + K C(s)
! S+ 5)(1s +15)
h | | b j20 |
20% OS
Kys s-plane
®) j10
R(s) + K, C(s) —-1.809 +j3.531 [ 117.13°
@ s(s +5)(s + 15) Ky=2578 \‘
- | X | X | | o
1 -20 -10 0 10 20
Kf(s + f)
f
(o)
10
R() +, E@) K, CGs)
X s[s? +20s + (75 + K, K))]

—j20 |

(d)

FIGURE 9.49 a. System for Example 9.7; b. system with rate
feedback compensation; ¢. equivalent compensated system; FIGURE 9.50 Root locus for uncompensated system of

d. equivalent compensated system showing unity feedback Example 9.7
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1.0

0.8 -
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0.6 -
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FIGURE 9.51 Step response for uncompensated system of Example 9.7

uncompensated system are shown in Table 9.8, and the step response is shown in
Figure 9.51. The settling time is 2.21 seconds and must be reduced by a factor of 4
to 0.55 second.
Next determine the location of the dominant poles for the compensated
system. To achieve a fourfold decrease in the settling time, the real part of the pole
must be increased by a factor of 4. Thus, the compensated pole has a real part of

- AP ag G PDPEnhanc

wg = —7.236tan117.13° = 14.12 (9.39)
where 117.13° is the angle of the 20% overshoot line.

TABLE 9.8 Predicted characteristics of uncompensated and compensated systems of Example 9.7

Uncompensated Compensated
K K
Plant and compensator m m
Feedback 1 0.185(s +5.42)
Dominant poles —1.809 £j3.531 —7.236 £j14.12
K 257.8 1388
e 0.456 0.456
wy 3.97 15.87
%O0S 20 20
T, 221 0.55
T, 0.89 0.22
K, 3.44 4.18
e(c0) (ramp) 0.29 0.24
Other poles —16.4 -5.53
Zero None None

Comments Second-order approx. OK Simulate
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Using the compensated dominant pole position of
—7.236 + j14.12, we sum the angles from the uncompensated sys-
tem’s poles and obtain —277.33°. This angle requires a compensator
zero contribution of +97.33° to yield 180° at the design point. The
geometry shown in Figure 9.52 leads to the calculation of the
compensator’s zero location. Hence,

14.12 (9.40)

- ———

97.339

jo

jla.12

s-plane

o

7.236 — z. = tan(180° — 97.33°) 236 2
Compensator
from which z, = 5.42. zero

The root locus for the equivalent compensated system of Figure ~ FIGURE 9.52 Finding the compensator zero

9.49(c) is shown in Figure 9.53. The gain at the design point, which is  in Example 9.7
K Ky from Figure 9.49(c), is found to be 256.7. Since Ky is the

X = Closed-loop pole

reciprocal of the compensator zero, Ky = 0.185. Thus, K; = 1388. le

In order to evaluate the steady-state error characteristic, K, is £ = 0456
found from Figure 9.49(d) to be o 20k

K \
K, = 75+ K1K; =418 (9.41) 27236 +j14.12
. . . K =1388 .

Predicted performance for the compensated system is shown in J10 - s-plane
Table 9.8. Notice that the higher-order pole is not far enough away
from the dominant poles and thus cannot be neglected. Further, from 17130
Figure 9.49(d), we see that the closed-loop transfer function is \'

| AV Il MY
a3 AN
G =20 -10 0
T =176 th"é)ncer

Thus, as predicted, the open-loop zero is not a closed-loop zero, and 1o b
there is no pole-zero cancellation. Hence, the design must be checked
by simulation. %

The results of the simulation are shown in Figure 9.54 and show
an over-damped response with a settling time of 0.75 second, com- X = Closed-loop pole .

X = Open-loop pole 20 -

pared to the uncompensated system’s settling time of approximately

FIGURE 9.53 Root locus for the

1.0

c(t)

0 | | | | | | -

0 0.5 1.0 1.5 2.0 2.5 3.0
Time (seconds)

FIGURE 9.54 Step response for the compensated system of Example 9.7

[ compensated system of Example 9.7
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2.2 seconds. Although not meeting the design requirements, the response still
represents an improvement over the uncompensated system of Figure 9.51.
Typically, less overshoot is acceptable. The system should be redesigned for
further reduction in settling time.

You may want to do Problem 8 at the end of this chapter, where you can
repeat this example using PD cascade compensation. You will see that the
compensator zero for cascade compensation is a closed-loop zero, yielding the
possibility of pole-zero cancellation. However, PD compensation is usually noisy
and not always practical.

Approach 2

The second approach allows us to use feedback compensation to design a minor
loop’s transient response separately from the closed-loop system response. In the
case of an aircraft, the minor loop may control the position of the aerosurfaces, while
the entire closed-loop system may control the entire aircraft’s pitch angle.

We will see that the minor loop of Figure 9.45 basically represents a forward-
path transfer function whose poles can be adjusted with the minor-loop gain. These
poles then become the open-loop poles for the entire control system. In other words,
rather than reshaping the root locus with additional poles and zeros, as in cascade
compensation, we can actually change the plant’s poles through a gain adjustment.
Finally, the closed-loop poles are set by the loop gain, as in cascade compensation.

G example 9.5 D

Minor-Loop Feedback Compensation

PROBLEM: For the system of Figure 9.55(a), design minor-loop feedback com-
pensation, as shown in Figure 9.55(b), to yield a damping ratio of 0.8 for the minor
loop and a damping ratio of 0.6 for the closed-loop system.

R(s) + E(s) K Cls)
s(s+5)(s+15)

(@)

R(s) + + 1 C(s)
s(s+5)(s+15)

Kfs -

(®)
FIGURE 9.55 a. Uncompensated system and b. feedback-compensated system for
Example 9.8
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SOLUTION: The minor loop is defined as the loop containing the plant,
1/[s(s +5)(s + 15)], and the feedback compensator, Ks. The value of Ky will be
adjusted to set the location of the minor-loop poles, and then K will be adjusted to
yield the desired closed-loop response.

The transfer function of the minor loop, Gyr(S), is

1
GwL(s) = s[s2 +20s + (75 + Ky)]

(9.43)

The poles of Gy (s) can be found analytically or via the root locus. The root locus
for the minor loop, where Kys/[s(s + 5)(s + 15)] is the open-loop transfer function,
is shown in Figure 9.56. Since the zero at the origin comes from the feedback
transfer function of the minor loop, this zero is not a zero of the closed-loop transfer
function of the minor loop. Hence, the pole at the origin appears to remain
stationary, and there is no pole-zero cancellation at the origin. Eq. (9.43) also
shows this phenomenon. We see a stationary pole at the origin and two complex
poles that change with gain. Notice that the compensator gain, Kj varies the
natural frequency, w,, of the minor-loop poles as seen from Eq. (9.43). Since the
real parts of the complex poles are constant at {w, = —10, the damping ratio must
also be varying to keep 2¢w,, = 20, a constant. Drawing the ¢ = 0.8 line in Figure
9.56 yields the complex poles at —10 =& j7.5. The gain, Ky, which equals 81.25, places
the minor-loop poles in a position to meet the specifications. The poles just found,
—10 £ /7.5, as well as the pole at the origin (Eq. (9.43)), act as open-loop poles that
generate a root locus for variations of the gain, K.

The final root locus for the system is shown in Figure 9.57. The ¢ = 0.6

damping ratio line is drawn and segrched. The Cl%p ex poles are found
to be —4.535 + j6.046, with a redmfdEE}Obt I= ¢ i LC- a4 .93.

jo
Jj20 -
£=08 s-plane
\’ j10 -
-10+j7.5
K, =81.25
143.13°
I ; X I I o
20 -15 -0 -5 O 10 20
X
10 +
20 +

FIGURE 9.56 Root locus for
minor loop of Example 9.8

X = Closed-loop pole (minor loop)
X = Open-loop pole
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Virtual Experiment 9.2
Improving Transient
Response and
Steady-State Error
Using Rate Feedback
and PD Control

Put theory into practice and
design a compensator in
LabVIEW that controls the
ball position in the Quanser
Magnetic Levitation system.
Magnetic Levitation
technology is used for modern
transportation systems that
suspend, such as the high
speed Magnetic Levitation
train.

Virtual experiments are found
on WileyPLUS.
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jo
[
£=06 J20

J15 s-plane

jlo F

—4.535 +j6.046 J3
K=6243 _/ 26.87°

| XI 1 | » o

20 10 0 10 20
-1093

/ T

—_

_]15 -

—20

FIGURE 9.57

closed-loop system of

Example 9.8

Root locus for
X = Closed-loop pole
X = Open-loop pole

The results are summarized in Table 9.9. We see that the compensated system,
although having the same damping ratio as the uncompensated system, is much
faster and also has a smaller steady-state error. The results, however, are predicted

vershoot, settling time, and peak

resuﬁpﬂ belE tecEﬂvF" Pres@to
time, since g:e@third pole is not ar]gnougl;efrom the dominant poles. The step

response is shown in Figure 9.58 and closely matches the predicted performance.

TABLE 9.9 Predicted characteristics of the uncompensated and compensated systems of

Example 9.8
Uncompensated Compensated
K K
Plant and compensator m 557 205 +15625)
Feedback 1 1
Dominant poles —1.997 £ j2.662 —4.535 £ j6.046
K 177.3 624.3
¢ 0.6 0.6
wn 3.328 7.558
%08 9.48 9.48
T 2 0.882
T, 1.18 0.52
K, 2.364 3.996
e(oo)(ramp) 0.423 0.25
Other poles —16 —10.93
Zero None None
Comments Second-order approx. OK Simulate
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FIGURE 9.58 Step response simulation for Example 9.8

@Y skill-Assessment Exercise 9.4 D

PROBLEM: For the system of Figure 9.59, design minor-loop rate feedback com-
pensation to yield a damping ratio of 0.7 for the minor loop’s dominant poles and a
damping ratio of 0.5 for the closed-loop system’s dominant poles.

R(s) + ) L)

< Apdago PRk Enhancer

FIGURE 9.59 System for Skill-Assessment Exercise 9.4

ANSWER: The system is configured similar to Figure 9.55(b) with Ky = 77.42 and
K = 626.3.

The complete solution is at www.wiley.com/college/nise.

Our discussion of compensation methods is now complete. We studied both
cascade and feedback compensation and compared and contrasted them. We are now
ready to show how to physically realize the controllers and compensators we designed.

9.6 Physical Realization of
Compensation

In this chapter, we derived compensation to improve transient response and steady-
state error in feedback control systems. Transfer functions of compensators used in
cascade with the plant or in the feedback path were derived. These compensators
were defined by their pole-zero configurations. They were either active PI, PD, or
PID controllers or passive lag, lead, or lag-lead compensators. In this section, we
show how to implement the active controllers and the passive compensators.


www.wiley.com/college/nise
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Z(s)
~—1I(s)
z
v 20 v
NN———" Vo)
OEE T

FIGURE 9.60 Operational amplifier
configured for transfer function realization
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Active-Circuit Realization
In Chapter 2, we derived

(9.44)

as the transfer function of an inverting operational amplifier whose
configuration is repeated here in Figure 9.60. By judicious choice of Z;(s)
and Z,(s), this circuit can be used as a building block to implement the
compensators and controllers, such as PID controllers, discussed in this
chapter. Table 9.10 summarizes the realization of PI, PD, and PID
controllers as well as lag, lead, and lag-lead compensators using opera-
tional amplifiers. You can verify the table by using the methods of
Chapter 2 to find the impedances.

TABLE 9.10 Active realization of controllers and compensators, using an operational amplifier

Function Zi(s) Zs(s) Ge(s) = — 2
Gain Ry Ry R,
A VWA~ Ri
1
R C _—
Integration J\/\/\/_ _| e _RC
s
C R
Differentiation —| e J\/\/\/— —RCs
Apago PDF Enhancer (o)
1 2 s+ ——
PI controller J\/\/\/— —/\/\/\/—| e R R,C
R] S
C
% R,
PD controller _R,C
R | J\/\/\/_ 2 (s + R C>
1
G
— ko !
PID controller J\/\/\/—| E R, C R G
— — 2 1)+ Ry Cys + T2
M- .o s
C G 1
< C (s + RCh )
Lag compensation | | G\ RG)
R, R, &) 1
s+
AWM "G
where R,C, > R Cy
o
el G G Ri1C
1
Lead compensation = s+
R,C,
R R,

where R{Cy > R,C,
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G, c,
- -
C Ry Ry

V(1)

R, - v, (1)

Lag compensator -
R,C,>RCy Lead compensator
R3C3>R,Cy

FIGURE 9.61 Lag-lead compensator implemented with operational amplifiers

Other compensators can be realized by cascading compensators shown in the
table. For example, a lag-lead compensator can be formed by cascading the lag
compensator with the lead compensator, as shown in Figure 9.61. As an example, let
us implement one of the controllers we designed earlier in the chapter.

Implementing a PID Controller
PROBLEM: Implement the PID controller of Example 9.5.

SOLUTION: The transfer functioﬁpaeg’ﬁ) CBRE:I iEn h ancer

Gels) = (s + 55.92s)(s +0.5) (9.45)
which can be put in the form
G(s) =5+56.42 + %96 (9.46)

Comparing the PID controller in Table 9.10 with Eq. (9.46), we obtain the following
three relationships:

R,
4+ —=5642 4
R + G 56 (9.47)
R,Ci =1 (9.48)
and
1 5.6 uF
RG 7.96 (9.49) H

V(1)
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Example 9.9 TN

Since there are four unknowns and three equations, we
arbitrarily select a practical value for one of the elements. Selecting
C, = 0.1 uF, the remaining values are found to be Ry = 357.65 k(}, 358 kQ
R, = 178,891k, and C; = 5.59 uF.

The complete circuit is shown in Figure 9.62, where the
circuit element values have been rounded off.

FIGURE 9.62 PID controller

Vo(1)
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Passive-Circuit Realization
Lag, lead, and lag-lead compensators can also be implemented with passive net-
works. Table 9.11 summarizes the networks and their transfer functions. The transfer
functions can be derived with the methods of Chapter 2.

The lag-lead transfer function can be put in the following form:

Ge(s) = <S . %> (s . Ti;) (9.50)
(s " T> < i T>

where o < 1. Thus, the terms with 77 form the lead compensator, and the terms with 7,
form the lag compensator. Equation (9.50) shows a restriction inherent in using this
passive realization. We see that the ratio of the lead compensator zero to the lead
compensator pole must be the same as the ratio of the lag compensator pole to the lag
compensator zero. In Chapter 11 we design a lag-lead compensator with this restriction.

A lag-lead compensator without this restriction can be realized with an active
network as previously shown or with passive networks by cascading the lead and lag
networks shown in Table 9.11. Remember, though, that the two networks must be
isolated to ensure that one network does not load the other. If the networks load
each other, the transfer function will not be the product of the individual transfer
functions. A possible realization using the passive networks uses an operational
amplifier to provide isolation. The circuit is shown in Figure 9.63. Example 9.10
demonstrates the design of a passive compensator.

TABLE 9.11 Passive realization of compensators

Function

ApagQ PDF Enhancer V,(s)

etwork Transfer function,

Vi(s)
Lag compensation Ry St R,C
Ri+R; 1
s+
(R1 + Rz)c
1
Lead compensation St R, C
N 1 N 1
RiC R,C

Lag-lead compensation

s—i—L s+ L
R Cy R,

oo (L, U TN\
R Cy R,C, R,C, R{R,C.1C,
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FIGURE 9.63 Lag-lead
- compensator implemented
Lag Isolation Lead with cascaded lag and lead
gain = -1 networks with isolation

G example .10 D

Realizing a Lead Compensator
PROBLEM: Realize the lead compensator designed in Example 9.4 (Compensator b).

SOLUTION: The transfer function of the lead compensator is

s+4
Gels) = 520,09

Comparing the transfer function of a lead network shown in Table 9.11 with
Eq. (9.51), we obtain the following two relationships:

Ap%a:gd PDF Enhancef’™

(9.51)

and

1 1
— +——=120.09 9.53
RiC RC (9:53)
Hence, R{C = 0.25,and R,C = 0.0622. Since there are three network elements and
two equations, we may select one of the element values arbitrarily. Letting
C =1 uF, then Ry =250k and R, = 62.2 k().

@Y skill-Assessment Exercise 9.5 D

PROBLEM: Implement the compensators shown in a. and b. below. Choose a WileyPLUS
passive realization if possible. [ WPCS |
a. Gc(s) = w Control Solutions
(s+01)(s+2)
b. =
Gels) = 53 0.00)(5 + 20)
ANSWERS:

a. G.(s)is a PID controller and thus requires active realization. Use Figure 9.60
with the PID controller circuits shown in Table 9.10. One possible set of
approximate component values is

Ci =10uF, C,=100uF, R; =20kQ, R, =100kQ
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b. G.(s) is a lag-lead compensator that can be implemented with a passive
network because the ratio of the lead pole to zero is the inverse of the ratio of
the lag pole to zero. Use the lag-lead compensator circuit shown in Table 9.11.
One possible set of approximate component values is

C; =100 uF, C, =900uF, R; =100k}, R, =560

The complete solution is at www.wiley.com.college/nise.

G cose studies NG

Design

Antenna Control: Lag-Lead Compensation

For the antenna azimuth position control system case study in Chapter 8, we
obtained a 25% overshoot using a simple gain adjustment. Once this percent
overshoot was obtained, the settling time was determined. If we try to improve the
settling time by increasing the gain, the percent overshoot also increases. In this
section, we continue with the antenna azimuth position control by designing a
cascade compensator that yields 25% overshoot at a reduced settling time. Further,
we effect an improvement in the steady-state error performance of the system.

PROBLEM: Given the antenna azimuth position control system shown on the front
endpapers, Configuration 1, design cascade compensation to meet the following
requirements: (1) 25% overshoot, (2) 2-second settling time, and (3) K, = 20.

SOLUTION: For the case study in Chapter 8, a preamplifier gain of 64.21 yielded 25 %
overshoot, with the dominant, second-order poles at —0.833 £ j1.888. The settling
time is thus 4/¢w, = 4/.833 = 4.8 seconds. The open-loop function for the system as
derived in the case study in Chapter 5 is G(s) = 6.63K/[s(s + 1.71)(s + 100)]. Hence
K, =6.63K/(1.71 x 100) = 2.49. Comparing these values to this example’s problem
statement, we want to improve the settling time by a factor of 2.4, and we want
approximately an eightfold improvement in K,.

Lead compensator design to improve transient response: First locate the
dominant second-order pole. To obtain a settling time, 7y, of 2 seconds and a
percent overshoot of 25%, the real part of the dominant second-order pole should
be at —4/T; = —2. Locating the pole on the 113.83° line (¢ = 0.404, corresponding
to 25% overshoot) yields an imaginary part of 4.529 (see Figure 9.64).

Second, assume a lead compensator zero and find the compensator pole.
Assuming a compensator zero at —2, along with the uncompensated system’s
open-loop poles and zeros, use the root locus program in Appendix H.2 at www
.wiley.com/college/nise to find that there is an angular contribution of —120.14° at
the design point of —2 =+ j4.529. Therefore, the compensator’s pole must contribute
120.14° — 180° = —59.86° for the design point to be on the compensated system’s
root locus. The geometry is shown in Figure 9.64. To calculate the compensator
pole, we use 4.529/(p, — 2) = tan 59.86° or p, = 4.63.
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